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The following theorem is proved: Suppose that H = (A’; E,, E,...., E,) is a 
hypergraph without odd cycles with n vertices and p components. such that any 
two edges have at most k vertices in common. If  for any cycle C in H, there exist 
two vertices of C contained in at least two common edges of H, then 
ZE,(IEil-k)<n-~k. 
A theorem obtained by Lovisz [S] and extended by Hansen and Las 
Vergnas [4] is as follows: 
THEOREM 1. Let H = (X, E,, E, ,..., E,) be a hypergraph without cycles 
of length more than two with n vertices and p components, such that any two 
edges have at most k vertices in common. Then 
c ((E,I-k)<n-pk. 
i= I 
(1) 
Because inequality (1) relates to the basic parameters of a hypergraph, it 
is easy to check or use. Lo&z [6] proved that (1) holds for any totally 
balanced hypergraph. This result yields a result of Anstee [2] that the 
number of edges of size 2 in a totally balanced hypergraph on m vertices is 
at most m - I+ 1. This led to results characterizing totally balanced 
hypergraphs with the maximum number of edges. Recently, Acharya and 
Las Vergnas [l] proved that (1) holds for any T-hypergraph. This paper 
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shows that (1) relates itself to hypergraphs with cyclomatic number ,U = 0. In 
addition, it is proved in [ I] that any totally balanced hypergraph is a T- 
hypergraph. Hence [ 11 extended the result of Lovasz 161. On the other hand, 
we would like to note that there is an interesting connection between (1) and 
a parameter called the cycle-chromatic number of a hypergraph which will 
be discussed in another paper by the second author. 
In this paper, we give another generalization of Theorem 1 as follows: 
THEOREM 2. Suppose that H = (X, E,, E, ,..., E,) is a hypergraph 
without odd cycles with n vertices and p components, X = (x, , x2 ,..., x,}. If 
for any cycle C in H, there are two vertices of C contained in at least two 
common edges of H, then 
’ (I Ei I - k(H)) < n - pk(H), 
,q 
(2) 
where k(H) is the maximum number of vertices in an intersection of two 
distinct edges of H. 
Remark. The hypergraph H= ((1,2), (2,3}, (3,4}, 14, 11, {3,4,5)) 
satisfies the hypothesis of Theorem 2 but it is neither totally balanced nor a 
T-hypergraph. 
To prove Theorem 2, we give 
LEMMA 1. Suppose that there is an alternating sequence x,, E,, x2, 
E 2,“‘, $3 E,, xqt I (=x,)7 E,t 1 (=E,) f o ver ices and edges in a hypergraph t 
H, where x,, x2 ,..., x, are distinct vertices and q an odd number, such that Ei 
contains xi and xi+, , and Ei # Ei+ r, i = 1,2 ,..., q. Then there is an odd cycle 
in H. 
It is easy to prove this lemma by induction on q, and the details are 
omitted. 
LEMMA 2. Suppose that H = (X; E, , E, ,..., E,) is a hypergraph without 
odd cycles. Let G be a simple graph with vertex set X and two vertices u and 
v in X are adjacent in G if and only if there are at least two edges of H 
containing both u and v. Then G is k(H)-colourable. 
ProoJ We use induction on k(H). When k(H) = 1, G is totally discon- 
nected, the lemma is valid. 
Suppose that Lemma 2 holds for any hypergraph H’ with k(H’) less than 
k > 1. We prove that the lemma holds for the hypergraph H with k(H) = k 
by induction on P(H) = I((i,j); IE, n Ejl = k(H), i < j\l. 
Suppose that P(H) = 1 and IE, n E,I = k. Take a vertex x E E, n El. 
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Then there is also no odd cycle in H - (x) and k(H - {x}) = k - 1. By the 
induction hypothesis, G - {x), the corresponding graph of H - (x) defined 
in the lemma, is (k - 1)-colourable. Hence G is k-colourable. 
Suppose in addition that the lemma holds for any hypergraph H’ with 
k(H’) = k and P(H’) < s. We may suppose that P(H) = s > 1 and E, n E, = 
1 x,, x2 ,..., xk}- Let H” be a hypergraph obtained from H by substituting 
Ei = E, - (xk} for E, in H. We see that there is also no odd cycle in H” and 
k(H”) < k, P(H”) < s - 1. Denote the corresponding graph of H” defined in 
the lemma by G”. By the induction hypothesis G” is k-colourable. We are 
now going to prove that there exists a k-colouring of G”, such that 
x1 , x2 I**-, xk are of different colours. Note that it is impossible for a vertex x 
in E, -E, to be adjacent to xk in G, since otherwise there would be an edge 
E other than E, containing both x and xk, hence x, E, xk, E,, x,, E, , x is a 
cycle of length 3 in H, contradicting the hypothesis. We see that G” is 
different from G only by possibly missing some edges joining xk to xi, 
i = 1, 2,..., k - 1. Then, a k-colouring of G” with xi, x2,..., xk of different 
colours is just a k-colouring of G. 
Suppose that the colour set is { 1, 2 ,..., k}. Since xi, x2 ,..., xk-, induce a 
complete subgraph of G”, we may suppose that xi is coloured by i, 
i = 1, 2,..., k - 1. If xk is coloured by k, then there is nothing to prove. 
Otherwise, without loss of generality, we may suppose that xk is coloured by 
1. Consider the subgraph F of G” induced by the vertices coloured by 1 and 
k. 
We claim that x, and xk are of different components of F. If, on the 
contrary, x, and xk are of the same component of F, then there is a simple 
path Y, Y, . . + yq in F with y, = xi, yq = xk and its vertices are coloured alter- 
nately by 1 and k. Since yi and y4 are of the same colour, q is odd. By the 
definition of G, y, and y, are contained in E, and E,, and for each 
i = 1, 2,..., q - 1, there are at least two edges of H containing both y, and 
Yitl. Since y, is coloured by k, it does not belong to E, n E,, so we can 
select from the two edges containing y, and y2 an edge E: different from E, 
and E, . Recursively, we select from the two edges containing yi and yi + , an 
edge ET different from ET-, , i = 2,3 ,..., q - 1. At last, we select from E, and 
E, an edge Ez different from E$- i . Now we have an alternating sequence of 
vertices and edges in H satisfying the condition of Lemma 1, so there is an 
odd cycle in H contradicting the hypothesis. 
Since x, and xk are of different components of F, by interchanging the 
colours of vertices in the components of F containing xk, we obtain a k- 
colouring of G” with xi coloured by i, i = 1, 2,..., k. It is just a k - colouring 
of G, or G is k-colourable. 1 
Proof of Theorem 2. It is sufftcient to prove this theorem in the case of 
p = 1. If H has more than one component, then the required inequality can 
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be derived by summing up the corresponding inequalities for the components 
of H. 
By Lemma 2, there is a colouring a of X using k = k(H) colours 1, 2,.... k. 
such that no two vertices of X contained in at least two common edges have 
the same colour. 
For such a fixed colouring a of X, construct a bipartite graph B as 
follows: The vertex set of B is 
V(B)=XuY,uY,u..- UY,, 
where X is the vertex set of H and 
Yq’ ~Yql~Yq2Y.~Yqm~~ q = 1, 2 ,..., k, 
and xi E X is joined to y, if and only if xi is coloured by q under a and 
xi E Ej. It is obvious by the construction of B that any two vertices of 
different colours under a are of different components of B, and B has at least 
k components. 
Suppose that there is a cycle C in B. Then C corresponds to a cycle C’ in 
H with its vertices coloured by the same colour under a. By the hypothesis 
of the theorem, there are two vertices u and u of C’ contained in at least two 
common edges of H. Hence, by the definition of a. a(u) # a(u), a 
contradiction. Thus we conclude that B is a forest. 
Since the number of vertices of B is n + mk, the number of edges of B is 
Cy=, 1 Eil, and the number of components of B is at least k, by a known 
property of a forest, we have 
f (EiJ<n+mk-k. 
i=l 
Accordingly, (1) holds, and the proof is complete. 1 
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